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Abstract
In this study, we have considered the contribution of the higher-twist (HT) effects of the subpro-
cesses to inclusive pion pair production cross section in the high energy proton-antiproton collisions
by using various pion distribution amplitudes (DAs) within the frozen coupling constant approach
and compared them with the leading-twist contributions. The feature of the HT effects may help
the theoretical interpretation of the future PANDA experiment. The dependencies of the HT con-
tribution on the transverse momentum pT , the center of mass energy
√
s, and the variable xT are
discussed numerically with special emphasis put on DAs. Moreover, the obtained analytical and
numerical results for the differential cross section of the pion pair production are compared with
the elastic backward scattering of the pion on the proton. We show that the main contribution
to the inclusive cross section comes from the HT direct production process via gluon-gluon fusion.
Also, it is strongly dependent on the pion DAs, momentum cut-off parameter △p and < q2T >
which is the mean square of the intrinsic momentum of either initial parton.
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I. INTRODUCTION
It is well - known that quantum chromodynamics (QCD) is the fundamental theory of
strong interactions. QCD describes the strong interactions between quarks and gluons, also
the structure and dynamics of hadrons at the amplitude level.
The hadronic distribution amplitude (DA) in terms of internal structure degrees of free-
doms is important in QCD process predictions. Parton DAs are important ingredients in
applying QCD to hard exclusive processes via the factorization theorem [1–3]. Understand-
ing of the hadronic structure in terms of the fundamental degrees of freedom of QCD is one
of the fascinating questions of the popular research area in physics. The important processes
of the perturbative quantum chromodynamics (pQCD) are hadron pair production at large
transverse momenta in hadron-hadron collisions. While parton distributions at leading-twist
(LT) are basically relevant to the description to the accuracy of leading power and refer to
parton configurations with the minimal number of constituents. However, the higher-twist
(HT) distributions are more numerous and they are used to consider the various effects owing
to parton virtuality, transverse momentum, and contributions from higher Fock states which
are relevant to describe the power-suppressed corrections in the hard momentum. Braun et
al. [4–6] recognized the important role of the LT and the HT parton distributions in hard
exclusive process. The existing theoretical framework for the DA description is based on the
conformal symmetry of the QCD Lagrangian for an exhaustive review [1–3, 7–10].
The main difficulty in making precise perturbative QCD predictions is the uncertainty
in determining the renormalization scale µ of the running coupling αs(µ
2). In practical cal-
culations, it is difficult to guess a simple physical scale of the order of a typical momentum
transfer in the process. Then we need to vary this scale over a range Q/2, 2Q. In a common
case, this problem for all orders was solved in Refs. [11, 12]. Evolution kernels are the main
tools of the well-known evolution equations for the parton distribution in deep inelastic
scattering processes and for the parton distribution amplitudes in hard exclusive reactions.
The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [13–16] equation describe the de-
pendence of the parton distributions on the renormalization scale µ2. Until now, DGLAP
evolution equations have been known as the most successful and major tools to study the
structure functions of hadrons and ultimately structure of matter, ultra-high-energy cosmic
rays. Also, the DGLAP equations describe the influence of the perturbative QCD correc-
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tions on the distribution functions that enter the parton model of deep inelastic scattering
processes defined in the form as
d
dlnµ2
Gi(x, µ
2) =
αs(µ
2)
2pi
∫ 1
x
dy
y
Gi(y, µ
2)Pqq(
x
y
). (1.1)
From Eq. (1.1), we obtain an integrodifferential equation in the logarithm of the virtuality
d
dlnµ2
xG(x, µ2) =
αs
2pi
∫ 1
x
dy
[∑
f
Pgq(
x
y
)
(
x
y
qf (
x
y
, µ2) +
x
y
q¯f (
x
y
, µ2)
)
+
Pgg(
x
y
)
x
y
G(
x
y
, µ2)
]
. (1.2)
Analogously, one finds for the quark and antiquark distributions as
d
dlnµ2
xqf (x, µ
2) =
αs
2pi
∫ 1
x
dy
[
Pqq(
x
y
)
x
y
qf(
x
y
, µ2) + Pqg(
x
y
)
x
y
G(
x
y
, µ2)
]
, (1.3)
d
dlnµ2
xq¯f (x, µ
2) =
αs
2pi
∫ 1
x
dy
[
Pqq(
x
y
)
x
y
q¯f(
x
y
, µ2) + Pqg(
x
y
)
x
y
G(
x
y
, µ2)
]
. (1.4)
Here Pqq(
x
y
) and Pqg(
x
y
) are known as DGLAP splitting functions. These differential
equations describe to leading-logarithmic accuracy the change in the parton distribution
functions when changing µ2. They are a significant example of what one calls evolution
equations in quantum field theory. Solving them results to the resummation of all the
leading-order collinear QCD corrections to deep inelastic scattering processes. Equivalently,
the DGLAP equations can be regarded as renormalization-group equations, which renor-
malize the parton densities with respect to the scale µ2. The DGLAP equation. It allows
one to explain the phenomenon of the scaling violation of the proton structure function.
The dependence of the DA on the factorization scale µ2F is handled by the Efremov-
Radyushkin-Brodsky-Lepage (ERBL) evolution equation [1–3] which is defined the following
form
∂Φ(x, µ2F )
∂lnµ2F
=
∫
dyV (x, y, αs(µ
2
F ))Φ(y, µ
2
F ). (1.5)
The evolution kernel V (x, y, αs(µ
2
F )) is calculable in perturbation theory
V (x, y, αs(µ
2
F )) =
αs(µ
2
F )
pi
V1(x, y) +
(
αs(µ
2
F )
pi
)2
V2(x, y) (1.6)
The one-loop evolution kernel V0 was introduced in Refs. [1, 7], an analogous expression for
V2 at the two-loop level was derived in Refs. [17–20]. It should be noted that the HT refers
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to contributions suppressed by powers of large momentum with respect to the leading-twist.
The leading-twist (LT) is a standard processes of the pQCD within the collinear factorization
where hadrons are produced through fragmentation processes. However, HT processes are
taken usually as direct hadron production, where the hadron is produced directly in the
hard subprocess rather than by quark/gluon fragmentation. Higher-twist dynamics at the
hadron production in hadron-hadron collisions is widely studied in Ref. [21].
In Refs. [22, 23], it is showed that hard-scattering factorization is disrupted in the
production of high-pT hadrons in the case of the hadrons being back-to-back by using kT
factorization. It is worthy noted that perturbative QCD factorization formulas are modified
at leading twist by initial and final state corrections. The explicit counterexample was
provided for the single-spin asymmetry with one beam transversely polarized as well.
The calculation and analysis the contribution of the HT effects to cross section on the
dependence of the pion DA in inclusive pion pair production at pp¯ collision within the
frozen coupling constant (FCC) approach are important and interesting research problems.
Therefore, HT effects in QCD have been predicted and computed in the last 40 years by
many researchers for various phenomenas [24–39]. Meson pair production in photon-photon,
nucleon-nucleon, and proton-antiproton collisions have been studied from high to low ener-
gies during the last few years, applying different approaches such as HT mechanism, central
exclusive production mechanism, effective meson theory, and standard pQCD [40–47].
Precision experimental studies of meson pair production in proton-antiproton collisions at
low energies are proposed in the experiment named PANDA [48]. The PANDA scientific pro-
gram use 1.5 - 15 GeV energy range for interactions between protons and antiprotons where
this energy lies near the pion production threshold. This program include several measure-
ments and it addresses fundamental questions of QCD by obtaining the detailed analysies
of all possible mechanisms of meson pair production [49]. In this study, we examine the con-
tribution of the HT effects to inclusive charged pion pair production at proton-antiproton
collisions by using different pion DAs obtained within holographic and perturbative QCD
which can be helpful for an explanation of the PANDA experiment. We have also given theo-
retical predictions of the inclusive charged pion pair production in pp¯ collisions by accounting
for the leading order diagrams in partonic cross sections.
The physical information of the inclusive pion pair production can be obtained efficiently
in the pQCD and it is, hence, possible to compare directly with the experimental data.
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The corresponding hard-scattering subprocesses occur via three different mechanisms. The
first one is the direct production of charged pion pairs which are produced directly at the
hard-scattering subprocess (see Fig.1). The second one is the semidirect production of
charged pion pairs in which one pion is produced from jet fragmentation (see Fig. 2).
Finally, the last one is the double jet production and fragmentation where both pions are
produced from fragmentation of the final quarks or gluons. The first two mechanisms are
HT contributions and the last is the LT contribution. Therefore, we must systematically
compare these different mechanisms. We use the frozen coupling constant (FCC) approach
during numerical evaluation in all calculations. In order to obtain an accurate value of the
ratio (HT/LT), we need to use the fact that prompt pions appear ”non-accompanied” by any
other hadron, while this is not valid for the general case in which particles are resulting from
the jet fragmentation. That criterion of ”non-accompaniment” into the general formalize a
momentum cut-off parameter △p is considered in calculation [50].
The rest of the paper is organized as follows: In Sec.II, a brief review for the formalism
used for the calculation of the HT contribution to cross section and some formulas for the
HT cross section of the process pp¯ → pi+pi−X is given. In Sec. III, some formulas for LT
cross sections for pion pairs production are provided. In Sec. IV, we present a comparison of
the HT charged pion pair production pp¯→ pi+pi− cross section with elastic pi±p→ pi±p cross
section, and the numerical results for the cross section and the discussion of the dependence
on the cross section on the pion DA are provided in Sec. V. Finally, the concluding remarks
are stated in Sec. VI.
II. HIGHER-TWIST CONTRIBUTION TO INCLUSIVE DIRECT PION PAIR
PRODUCTION CROSS SECTION
The inclusive production of charged pion pair with large transverse momenta (pT > 1
GeV/c) in opposite hemispheres, essentially back-to-back in the center - of - mass system
of the incoming hadrons is considered in this study. This mechanism had been already
analyzed in [50] for the case of the two particle back-to-back cross - section reflecting the
pT -dependence of the hard scattering subprocesses undisturbed by the internal momenta of
the constituents. There are many other studies in the literature about physical properties
of FCC [51–64]. In numerically, calculating the HT cross section (within FCC approach for
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the square of the transfer momentum of the hard gluon) and LT cross section we can use
the following values as
Q2 =


1
2
p2T , for direct HT contribution
1
2
p2
T√
z
, for semi-direct HT contribution
1
2
p2
T√
zz′
, for LT contribution.
(2.1)
Using the fact that prompt pions are non-accompanied by any other hadron, the ratio
contributions of HT and LT can be calculated accurately. However, this is not valid for the
general case in which particles are occurring from the jets fragmentation. This criterion can
be incorporated into the general formulas via a momentum cut-off parameter △p [29]. The
details of analytical calculations on HT and LT contributions will be given in the following
subsections. The leading order HT Feynman subdiagrams for the inclusive direct pion pair
production in the proton-antiproton collision pp¯ → pi+pi−X are taken as gg → pi+pi− and
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FIG. 1: QCD Feynman diagrams of the partonic process gg → MM¯ and qq → MM¯ for direct
meson pair production at leading order.
qq¯ → pi+pi− (where q is either u or d quarks) which contributes to the main process (see
Fig. 1). Semi-direct pion pair productions in the same process are shown in Fig. 2. The
amplitude for this subprocess can be obtained by using the Brodsky-Lepage formula [7]
M(sˆ, tˆ) =
∫ 1
0
dx1
∫ 1
0
dx2δ(1− x1 − x2)ΦM(x1, x2, Q2)TH(x1, x2;Q2, µ2R, µ2F ), (2.2)
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FIG. 2: QCD Feynman diagrams of the partonic process qq¯ → MM¯ for semi-direct meson pair
production at leading level.
where TH is the sum of the graphs contributing to the hard-scattering part of the sub-
process. At the leading order of pQCD calculations, the hard scattering amplitude
TH(x1, x2;Q
2, µ2R, µ
2
F ) does not depend on the factorization scale µ
2
F , but strongly depends
on µ2R. However, the scales µ
2
F and µ
2
R are independent of each other.
In principle, all measurable quantities in QCD should be invariant under any choice of
renormalization scale and scheme. It is clear that the use of different scales and schemes
may lead to different theoretical predictions. Therefore, the constructive mathematical tool
for defining QCD is a choice of the renormalization scale which makes scheme independent
results at all fixed order in running coupling constant αs. For direct pion pair production,
the subprocesses are taken as gg → pi+pi−, uu¯ → pi+pi− and dd¯ → pi+pi−. However, for the
semi-direct pion pair production the subprocesses are qq¯ → pig, qg → piq′ and q¯g → piq¯′. In
the processes qq¯ → pig, the final gluon is qg → piq′, the final quark is q¯g → piq¯′, and the final
antiquark is taken as a fragmentation of the pion. Here, q, q¯ and g are the constituent of the
initial target proton and anti-proton. It should be noted that, each qq¯ pair is collinear and
has the appropriate color, spin, and flavor content projected out to form the parent pion.
The production of the pair of pion or jets in the large transverse momentum is available
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at the high energy, especially at the CERN Large Hadron Collider. In the direct pion pair
production case, the hadronic pion is the final product of the hard-scattering processes. But
in the final state of the semi-direct pion pair production, one of the hadronic gluon or jets
are fragmented to a pion. Dynamical properties of the jet are close to the parent parton
which are carried by one of part of the four-momentum of the parent parton. In order to
explain parton level kinematics, we use the pion pair production process considered in [65].
The parton-level differential cross sections for the direct pion pair production are obtained
as
dσ
dcosθ
(gg → pi+pi−) =
256pi3α4sf
4
π
23328
[∫ 1
0
Φπ(x,Q
2)dx
x(1− x)
]2[∫ 1
0
dx
∫ 1
0
dy
Φπ(x,Q
2)Φπ(y,Q
2)
x(1− x)y(1− y) ·
x(1− x) + y(1− y)
xy + (1− x)(1− y)
]2
,(2.3)
dσ
dcosθ
(qq → pi+pi−) =
256pi3α4sf
4
π
139968
[∫ 1
0
Φπ(x,Q
2)dx
x(1− x)
]2[∫ 1
0
dx
∫ 1
0
dy
Φπ(x,Q
2)Φπ(y,Q
2)
x(1 − x)y(1− y) ·
x(1 − x) + y(1− y)
xy + (1− x)(1 − y)
]2
·[7− 16xy − 1
xy + (1− x)(1− y)[2x(1− 2y(x+ y))− 4x
2 + 4xy]].(2.4)
Similarly, for the semi-direct pion pair production case which corresponds to the Feynman
diagrams in Fig. 2, the hard collisions subprocesses are taken in three different ways as,
1. qq¯′ → pi+(pi−)g, where the gluon is fragmented to a pion (g → pi−(pi+)),
2. qg → pi±q′, where quark is fragmented to pion (q′ → pi∓),
3. q¯g → pi±q¯′, (q¯′ → pi∓), where the antiquark is fragmented to a pion.
The corresponding differential cross sections of the subprocesses are defined for these cases
as
dσ
dcosθ
(qq′ → pi±g) = 128pi
2α3sf
2
π
729sˆ2
[∫ 1
0
Φπ(x,Q
2)dx
x(1− x)
]2
, (2.5)
dσ
dcosθ
(qg → pi±q′) = 80pi
2α3sf
2
π
3888sˆ2
[∫ 1
0
Φπ(x,Q
2)dx
x(1 − x)
]2
, (2.6)
dσ
dcosθ
(q¯g → pi±q¯′) = 80pi
2α3sf
2
π
3888sˆ2
[∫ 1
0
Φπ(x,Q
2)dx
x(1 − x)
]2
, (2.7)
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respectively. The main goals of this study are the calculation and also, if possible, extraction
of the contributions HT effects to the cross section by the FCC approach using different pion
DAs. For the calculation of the cross section, we need to apply the factorization formula
which was predicted by Gunion and Petersson [66, 67]. In this approach a differential cross
section of the process pp¯→ pi+pi−X is defined as
Σπ+π− = ECED
dσ
d3pCd3pD
=
=
1
pi2s < q2T >
∫ 1
zmin
dz
z2
∫ 1
zmin
dz′
z′2
F (z, z′)Gq1/p1(x1, Q
2)Gq2/p2(x2, Q
2)×
× dσ
dcosθ
(qq¯(gg)→ pi+pi−)DM/C(z, Q2)DM¯/D(z′, Q2), (2.8)
where s is the center-of-mass energy squared of main process, < q2T > is the mean square
of the intrinsic momentum of either initial parton q1, q2, Gq1/p1 and Gq2/p2 are the universal
PDFs for the partons q1, q2 in the proton and antiproton p1, p2, respectively. They depend
on the longitudinal momentum fractions of the two partons in the case when final jets
are fragmenting to pion pair x1 = x2 = 2pT/
√
zz′s and on the scale parameter Q2 of the
central collision process. dσ/dcosθ is the differential cross section of the process and θ is the
scattering angle. In the main process, both pions are emitted at 90◦ in the center-of-mass
frame. For the dependence of the symmetric pair production cross section ECED
dσ
d3pCd3pD
at 90◦ of the transverse momentum, we take into account pT = pTC = −pTD , yC = yD = 0,
ϕC = 0 and ϕD = pi.
The longitudinal momentum fractions of partons are defined in this form:
x1 = −1
2
(xT1e
y1 + xT2e
y2), (2.9)
x2 = −1
2
(xT1e
−y1 + xT2e
−y2), (2.10)
in which y1, y2 are the rapidities of the final particles.
For the calculation of the HT cross sections in the case of direct pion pair production,
we assume in Eq.(2.8) that M = pi+, C = pi+ and M¯ = pi−, D = pi−. Therefore instead of
fragmentation functions (FFs) DM/C(z, Q
2) and DM¯/D(z
′, Q2), we make the substitutions
Dπ+/π+(z, Q
2) = δ(1 − z) and Dπ−/π−(z′, Q2) = δ(1 − z′). But, for the HT cross section
in the semi-direct pion pair production case, we take M = pi+, C = pi+, then we make
the substitutions Dπ+/π+(z, Q
2) = δ(1 − z). In the numerical calculations, the function
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fragmentation of the gluon and quark [68] into a pion have been used. The function
F (z, z′) called as the correlation function is defined as
F (z, z′) =
z + z′
2
√
zz′
exp
[ −(z − z′)2p2T
2z2z′2 < q2T >
]
. (2.11)
In the LT subprocess, the pion is indirectly emitted from the quark with fractional momen-
tum z. The minimum value of the momentum fraction of the final parton zmin is defined in
this form:
zmin =
pT
pT +△p
. (2.12)
here △p is a momentum cut-off parameter which describes the experimental upper limit for
non-detection of one or more particles accompanying either pion detected. It is assumed
that whenever this limit is exceeded, the corresponding event will be rejected.
III. LEADING-TWIST CONTRIBUTIONS TO INCLUSIVE CHARGED PION
PAIR PRODUCTION CROSS SECTION
It is an important task to compare the HT corrections with LT contributions and to
extract the HT corrections to the pion pair production cross section.
For the LT cross section for the production of pion pairs, we take the next subprocesses
in which the final particles are fragmented to pion pairs as qq¯ → gg (g → pi+, g → pi−),
gg → qq¯ (q → pi+, q¯ → pi−), qg → qg (q → pi+, g → pi−), gg → gg (g → pi+, g → pi−) and
qq¯ → qq¯ (q → pi+, q¯ → pi−).
The corresponding differential cross section of the LT subprocesses are written as [65]
dσ
dcosθ
(q1q2 → q1q2) = 2piα
2
s
9sˆ
(
u2 + s2
t2
)
, (3.1)
dσ
dcosθ
(q1q2 → q1q2) =
2piα2s
9sˆ
(
u2 + s2
t2
)
, (3.2)
dσ
dcosθ
(q1q1 → q1q1) = piα
2
s
2sˆ
(
4
9
·
(
u2 + s2
t2
+
s2 + t2
u2
)
− 8
27
· s
2
ut
)
, (3.3)
dσ
dcosθ
(q1q1 → q2q2) =
2piα2s
9sˆ
(
u2 + t2
s2
)
, (3.4)
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dσ
dcosθ
(q1q1 → q1q1) =
piα2s
2sˆ
(
4
9
·
(
u2 + s2
t2
+
u2 + t2
s2
)
− 8
27
· u
2
st
)
, (3.5)
dσ
dcosθ
(qq → gg) = piα
2
s
2sˆ
(
32
27
· u
2 + t2
ut
− 8
3
· u
2 + t2
s2
)
, (3.6)
dσ
dcosθ
(gg → qq) = piα
2
s
2sˆ
(
1
6
· u
2 + t2
ut
− 3
8
· u
2 + t2
s2
)
, (3.7)
dσ
dcosθ
(qg → qg) = piα
2
s
2sˆ
(
−4
9
· u
2 + s2
us
+
u2 + s2
t2
)
, (3.8)
dσ
dcosθ
(gg → gg) = piα
2
s
sˆ
9
4
(
3− ut
s2
− us
t2
− st
u2
)
, (3.9)
dσ
dcosθ
(q1q1 → q2q2) = 2piα
2
s
9sˆ
(
u2 + t2
s2
)
. (3.10)
where subscripts 1 and 2 denote distinct flavors. The initial and final state colors and
spins have been averaged and summed, respectively. Over the last few years, a great deal of
progress has been made in the investigation of the properties of hadronic wave functions. The
notion of distribution amplitudes refers to momentum fraction distributions of partons in
the meson, in particular, the Fock state with a fixed number of components. For the minimal
number of constituents, the distribution amplitude Φ is related to the Bethe-Salpeter wave
function ΦBS by
Φ(x) ∼
∫ |k⊥|<µ
d2k⊥ΦBS(x, k⊥). (3.11)
The standard approach to distribution amplitudes, which is due to Brodsky and Lep-
age [69], considers the hadron’s parton decomposition in the infinite momentum frame. A
conceptually different, but mathematically equivalent formalism is the light-cone quantiza-
tion [70]. The meson distribution amplitudes play a key role in the hard-scattering QCD
processes because they encapsulate the essential nonperturbative features of the meson’s
internal structure in terms of the parton’s longitudinal momentum fractions xi. Meson
DAs have been extensively studied by using QCD sum rules. The original suggestion by
Chernyak and Zhitnitsky of a ”double-humped” wave function of the pion at a low scale,
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far from the asymptotic form, was based on an extraction of the first few moments from
a standard QCD sum rule approach [71], in the Bakulev-Mikhailov-Stefanis(BMS) DA two
non-trivial Gegenbauer coefficients a2 and a4 have been extracted from the CLEO data on
the γγ⋆ → pi0 transition form factor in which the authors have used the QCD light-cone sum
rules approach and have included in their analysis the next to leading order perturbative
and twist-four corrections. Thus, in our numerical calculations, we used several choices,
such as the asymptotic DAs predicted by pQCD evaluation, light-cone formalism, the light-
front quark model [1], the Vega-Schmidt-Branz-Gutsche-Lyubovitskij (VSBGL) DA [72],
holographic meson DAs is obtained in the context of AdS/CFT ideas [73, 74] are studied
considering two kinds of holographic soft-wall models, the Chernyak-Zhitnitsky(CZ) [71],
and the BMS [75]:
Φasy(x) =
√
3fπx(1 − x), (3.12)
ΦholV SBGL(x) =
A1k1
2pi
√
x(1− x)exp
(
− m
2
2k21x(1− x)
)
, (3.13)
Φhol(x) =
4√
3pi
fπ
√
x(1 − x), (3.14)
ΦCZ(x, µ
2
0) = Φasy(x)
[
C
3/2
0 (2x− 1) +
2
3
C
3/2
2 (2x− 1)
]
, (3.15)
ΦBMS(x, µ
2
0) = Φasy(x)
[
C
3/2
0 (2x− 1) + 0.20C3/22 (2x− 1)− 0.14C3/24 (2x− 1)
]
. (3.16)
The pion DA can be expanded over the eigenfunctions of the one-loop ERBL equation
Φπ(x,Q
2) = Φasy(x)
[
1 +
∞∑
n=2,4..
an(Q
2)C3/2n (2x− 1)
]
. (3.17)
The evolution of the DA on the factorization scale Q2 is handled by the functions an(Q
2) as
an(Q
2) = an(µ
2
0)
[
αs(Q
2)
αs(µ20)
]γn/β0
, (3.18)
γ2
β0
=
50
81
,
γ4
β0
=
364
405
, nf = 3.
12
In Eq.(3.18), γn’s are anomalous dimensions defined by the expression
γn = CF
[
1− 2
(n+ 1)(n+ 2)
+ 4
n+1∑
j=2
1
j
]
. (3.19)
The Gegenbauer moments an can be determined by using the Gegenbauer polynomials
orthogonality condition∫ 1
−1
(1− ζ2)C3/2n (ζ)C3/2n′ (ζ)dζ =
Γ(n + 3)δnn′
n!(n + 3/2)
. (3.20)
The Gegenbauer moments an are very practical in studying the DAs because they form the
shape of the corresponding hadron wave function. Hereby, it can be possible to derive from
theoretical models or extracted from the experimental data. Besides, these moments reveal,
how much the DAs deviate from the asymptotic one. The strong coupling constant αs(Q
2)
at the one-loop approximation is given as
αs(Q
2) =
4pi
β0ln(
Q2
Λ2
)
. (3.21)
where Λ is the QCD scale parameter, β0 is the QCD beta function one-loop coefficients.
It should be noted that the choice of renormalization scale in αs(Q
2) is one of the main
problems in QCD. In the numerical calculations, the hard gluon square momentum was
used from Eq. (2.1). Notice that the pion DAs presented in Eqs. (3.12)-(3.16) constructed
from theory and experiment strongly depend on the applied methods. However, the correct
pion wave function is still an open problem in QCD.
IV. COMPARISON HIGHER-TWIST PION PAIR PRODUCTION CROSS SEC-
TION pp¯→ pi+pi− WITH ELASTIC pi±p→ pi±p CROSS SECTION
It would be important and interesting to compare the proton-antiproton annihilation
process pp¯ → pi+pi− with the elastic backward scattering pi±p → pi±p process by fixing u
and switching s and t. In order to compare matrix elements at given values s, t or u, spin
and phase-space factors have to be taken into account more specifically. We compare the
differential cross section for the annihilation process dσ
dt
(pp¯→ pi+pi−) with the corresponding
elastic backward cross section dσ
dt
(pi±p → pi±p) using the suitable spin and phase-space
factors. So,
dσ
dt
(pp¯→ pi+pi−) = (2sπ + 1)(2sp + 1)
(2sp¯ + 1)(2sp + 1)
(
kπp
pp¯p
)2
dσ
dt
(pi±p→ pi±p). (4.1)
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where sπ and sp (sp¯) are the spins of the pion and proton(antiproton), kπp and pp¯p are the
center of mass momenta, evaluated at the same center-of-mass energy. If the hadrons are
produced at 90◦ with rapidities yC = yD = 0, the hard scattering cross section dσ/dtˆ is
probed at angles around 90◦ where tˆ = uˆ = −sˆ/2. The comparison is relevant only at the
center of mass energies and therefore the elastic backward cross sections are scaled by using
an s−2 dependence for pip. The result of the comparison are present in Figs. 13 and 14.
V. NUMERICAL RESULTS AND DISCUSSION
Let us now discuss in detail the numerical predictions of the HT and LT cross sections
of the pion pair production process pp¯ → pi+pi−X at the PANDA energies taking into
account the full leading-order contributions from quark-antiquark annihilation and gluon-
gluon fusion. We denote the HT cross section by ΣHTπ+π−, the LT cross section by Σ
LT
π+π−, and
the sum of HT and LT by ΣHT+LTπ+π− . For the quark and gluon distribution functions inside the
proton and antiproton, the MSTW2008 PDFs [76] and the quark and gluon fragmentation
functions [68] are used. Also, the following abbreviations are defined: asy is Φasy(x), hol is
Φhol(x), VSBGL is ΦholV SBGL(x), CZ is ΦCZ(x,Q
2), and BMS is ΦBMS(x,Q
2). The results are
given for
√
s = 15 and 20 GeV on the transverse momentum pT ranging from 1 GeV/c to
7 GeV/c which are also valid for the PANDA experiment. Obtained results are visualized
through in Figs. 3 - 16.
Firstly, we compare the HT and LT cross sections obtained within holographic QCD and
pQCD. In Figs. 3 and 4, we show the HT cross section ΣHTπ+π− and the sum of HT and
LT cross sections ΣHT+LTπ+π− which are calculated in the context of the FCC approach as a
function of the pion pair transverse momentum pT for the pion DAs for Eqs. (3.12) - (3.16)
and for y = 0. It is also seen that the ΣHTπ+π− and Σ
HT+LT
π+π− cross sections are monotonically
decreasing with an increase in the transverse momentum of the pion pair. It is worth to
mention that at the c.m. energy
√
s=15 GeV the maximum value of the frozen cross section
of the process pp¯ → pi+pi−X for the ΦCZ(x,Q2) decreases from the interval 2.10992× 10−3
mb/GeV4 to 1.32239 × 10−33 mb/GeV4, but the ΣHT+LTπ+π− cross sections for the same DA
decreases from 2.11018× 10−3 mb/GeV4 to 2.26384× 10−20 mb/GeV4. From these results
one can observes that HT cross section of the pion pair production in the proton-antiproton
collisions appears in the range and should be observable at the PANDA experiment.
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FIG. 3: HT contribution to charged pion pair production pp¯ → pi+pi−X cross section ΣHTπ+π− as
a function of the transverse momentum pT for momentum cut-off parameter △p = 0.3 GeV/c, at
√
s = 15 GeV and y = 0
FIG. 4: The sum of HT and LT contribution to charged pion pair production pp¯→ pi+pi−X cross
section ΣHT+LT
π+π−
as a function of the transverse momentum pT for momentum cut-off parameter
△p = 0.3GeV/c, at √s=15 GeV and y = 0. Notice that curves for asy, hol, VSBGL, CZ and
BMS pion DA in the region 2 GeV/c< pT < 7 GeV/c completely overlap.
In Fig. 5, we show the ratio ΣHTπ+π−/Σ
LT
π+π− for the process pp¯ → pi+pi−X as a function
of pT for the pion DAs given in Eqs. (3.12) - (3.16) at y = 0. It is seen that in the region
1 GeV/c< pT < 3 GeV/c, the ratio Σ
HT
π+π−/Σ
LT
π+π− for Φ
hol(x) is enhanced by about one
order of magnitude relative to the ΦV SBGL(x). However, the enhancement are half an order
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FIG. 5: Ratio ΣHTπ+π−/Σ
LT
π+π− as a function of the transverse momentum pT of the pion pair for
< q2T >=0.25 GeV
2/c2, at the c.m. energy
√
s=15 GeV and y = 0.
FIG. 6: HT contribution to charged pion pair production pp¯ → pi+pi−X cross section ΣHTπ+π− as
a function of the transverse momentum pT for momentum cut-off parameter △p = 0.3 GeV/c, at
√
s=20 GeV and y = 0
of magnitude for ΦBMS(x,Q
2) and ΦCZ(x,Q
2), but in the region 3 GeV/c< pT < 7 GeV/c
the magnitude relative for Φhol(x) and Φasy(x) pion distribution amplitudes is equal.
Through Fig 6 - 8, we have displayed the ΣHTπ+π−, and Σ
HT+LT
π+π− cross sections and the
ratio ΣHTπ+π−/Σ
LT
π+π− which are calculated in the context of the FCC approach as a function
of the pion pair transverse momentum pT for the pion DAs for Eqs. (3.12) - (3.16), and
again for y = 0 and at the center-of-mass energy
√
s= 20 GeV. It is seen from Figs. 6
16
FIG. 7: The sum of HT and LT contribution to charged pion pair production pp¯→ pi+pi−X cross
section ΣHT+LT
π+π−
as a function of the transverse momentum pT for momentum cut-off parameter
△p = 0.3GeV/c, at √s=20 GeV and y = 0. Notice that curves for asy, hol, VSBGL, CZ and BMS
pion distribution amplitudes in the region 2.5 GeV/c< pT < 7 GeV/c completely overlap.
FIG. 8: Ratio ΣHTπ+π−/Σ
LT
π+π− as a function of the transverse momentum pT of the pion pair at the
< q2T >=0.25GeV
2/c2, at the c.m. energy
√
s=20 GeV and y = 0
and 8 that the ΣHTπ+π−, and Σ
HT+LT
π+π− cross sections are monotonically decreasing with an
increase in the transverse momentum of the pion pair. In the region 1 GeV/c< pT <
7GeV/c, the frozen cross section of the process pp¯→ pi+pi−X decreases from 1.41213×10−2
mb/GeV4 to 1.107 × 10−19 mb/GeV4, but the sum of HT and LT cross section decreases
from 1.41214× 10−2 mb/GeV4 to 2.01712× 10−16 mb/GeV4.
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FIG. 9: HT contribution to charged pion pair production pp¯ → pi+pi−X cross section ΣHTπ+π− as a
function of the center-of-mass energy
√
s at the < q2T >=0.25GeV
2/c2 and y = 0.
FIG. 10: The sum of HT and LT contribution to charged pion pair production pp¯→ pi+pi−X cross
section ΣHT+LT
π+π−
as a function of the center-of-mass energy
√
s for momentum cut-off parameter
△p = 0.3GeV/c and y = 0. Notice that curves for asy, hol, VSBGL, CZ and BMS pion distribution
amplitudes completely overlap.
For the region 1 GeV/c < pT < 4 GeV/c, the LT cross section is enhanced by about
four orders of magnitude relative to the HT cross section calculated in the FCC approach.
However, the 4 GeV/c < pT < 7 GeV/c region with increasing transverse momentum of the
pair pion cross section increases, and the difference between leading and HT cross sections
decreases essentially. Through Figs. 9 - 11, the dependence of the ΣHTπ+π− and Σ
HT+LT
π+π− cross
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FIG. 11: Ratio ΣHTπ+π−/Σ
LT
π+π− as a function of the center-of-mass energy
√
s at the <
q2T >=0.25GeV
2/c2 and y = 0.
.
.
.
.
.
.
.
FIG. 12: Ratio HT cross sections ΣHTπ+π− is calculated with < q
2
T >=0.25 GeV
2/c2 and < q2T >= 1
GeV2/c2 as a function of the pion pair transverse momentum pT at
√
s=15 GeV and y = 0.
sections and the ratio ΣHTπ+π−/Σ
LT
π+π− of the center-of-mass energy
√
s for the pion DAs are
displayed by using Eqs. (3.12) - (3.16) at y = 0. Hereby, these figures indicate that the
HT, sum of HT and LT cross sections, and the ratio increase slowly and smoothly when
increasing the beam energy from 15 GeV to 20 GeV for each pion DAs. In Fig 12 we show
that the ratio HT cross section ΣHTπ+π− is calculated with < q
2
T >=0.25 GeV
2/c2 and < q2T >=
1 GeV2/c2 as a function of the pion pair transverse momentum pT for the pion DAs for Eqs.
(3.12) - (3.16), at y = 0 and the center-of-mass energy
√
s = 15 GeV.
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FIG. 13: HT pp¯ → pi+pi− pion pair production and pip → pip cross sections as a function of the
transverse momentum pT of the pion for < q
2
T >=0.25GeV
2/c2, at the c.m. energy
√
s=15 GeV
and y = 0.
FIG. 14: HT pp¯ → pi+pi− pion pair production and pip → pip cross sections as a function of the
transverse momentum pT of the pion for < q
2
T >=0.25GeV
2/c2, at the c.m. energy
√
s=15 GeV
and y = 0.
One can also observe that the HT cross section in the region 1 GeV/c < pT < 3 GeV/c
decreases more quickly for the DAs of asy, CZ, BMS with increasing pT , but in the region
1 GeV/c < pT < 7 GeV/c increases more slowly and smoothly for the DAs hol, VSBGL
with increasing pT . In Figs. 13 and 14, the comparison of the HT cross section Σ
HT is
displayed for the proton-antiproton annihilations into charged pion pairs pp¯ → pi+pi− and
20
elastic scattering pip→ pip processes which are calculated in the context of the FCC approach
as a function of the pion pair transverse momentum pT for the pion DAs at y = 0 and the
center-of-mass energy
√
s= 15 GeV. We can see from Figs. 13 and 14 that the HT cross
section of the elastic scattering pip → pip process is enhanced by about half an order of
magnitude relative to the pp¯→ pi+pi− cross sections for all pion DAs.
. . .. . .
FIG. 15: HT pp¯ → pi+pi− pion pair production cross section as a function of the variable xT for
momentum cut-off parameter ∆p = 0.5GeV/c at pT = 6GeV/c and y = 0.
. . .. . .
FIG. 16: Ratio of HT to LT contributions as a function of the variable xT for momentum cut-off
parameter ∆p = 0.5GeV/c at pT = 6GeV/c and y = 0.
In Figs. 15 and 16, we have displayed the HT and ratio HT to LT cross sections with the
dependence on the variable xT ranging from 10
−1 to 0.9 at the pT = 6 GeV/c with rapidities
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of pions y1 = y2 = 0 for momentum cut-off parameter ∆p = 0.5 GeV/c. As is seen from
Fig. 15, the HT cross section in the region 0.1 < xT < 0.4 is monotonically increasing
with an increase in the variable xT . Approximately, the HT cross section for all DAs has
a maximum at the point xT = 0.4. After this, the HT cross section with increasing xT is
decreasing. But, the ratio of HT to LT cross sections for the dependence on the variable xT
has a different distinctive behavior. As is seen from Fig 16, the ratio for the ΦCZ(x,Q
2) and
ΦBMS(x,Q
2) has two minima and one maximum. The analysis of our calculations shows that
the main reason for this depends on the phenomenological factors. These plots reveal that
the distribution of variable xT also demonstrates the same dominant contributions in view
of DAs as the ones in the transverse momentum dependence of the cross section. The ratio
of HT to LT contributions remains almost nonstable in a large interval of xT . This means
that the ratio is more sensitive according to varying the xT . Analysis of our calculations
shows that the HT cross section ΣHTπ+π− and the ratio Σ
HT
π+π−/Σ
LT
π+π− are sensitive to pion DA
as predicted in the holographic and pQCD.
VI. CONCLUSIONS
In this study, the HT contributions, which are included in the direct and semi-direct pro-
ductions of the hard scattering process, to large-pT pion pair production in proton-antiproton
collisions were discussed in detail. Furthermore, the dependence of HT contributions on
pion-DAs predicted by the light-cone formalism and the light-front holographic AdS/CFT
approach was addressed as well. It can be also concluded that the results which significantly
depend on the DAs of the pion can be used for their research. The basic size of the HT cross
sections was different depending on the choice of DAs of the produced pions and also some
other phenomenological factors. Also, for the region 1 GeV/c < pT < 3 GeV/c DAs of CZ,
BMS, in the region 3 GeV/c < pT < 7 GeV/c hol, VSBGL gave the result which is close in
shape to those for the asymptotic DA, but the HT contributions for CZ were larger than
them by one order of magnitude relative of the asy and 2 - 3 orders for other DA. However,
the ratio of HT to LT contributions allowed us to determine these regions in the phase space
where HT contributions are essentially observable. This ratio is sensitive to the transverse
momentum pT and the momentum cut-off parameter △p, which is the detection limit for ac-
companying particles. For a small value of pT , HT contributions yield the considerably high
22
values. Its effect became significant at the small pT region compared to the LT contribution.
It should be noted that semi-direct pion pair production and double jet fragmentation to
pion pair cross section strongly depend on the fragmentation function of the quark and gluon
to pion. Also, the production of hadrons with large transverse momentum was dominated
by the fragmentation of partons which is produced in parton-parton scattering with large
momentum. The production cross section for this hard scattering depends on the initial
distribution of partons in the colliding species, the elementary parton-parton cross section
and the fragmentation process of partons into hadrons.
The HT cross section obtained in our study should be observable at a hadron collider.
Also, the feature of HT effects can help theoretical interpretations of the future PANDA
experimental data for the direct inclusive pion pair production cross section in the proton-
antiproton collisions. As a result, it can be indicated that the HT processes for large-pT pion
pair production have a key enabling contribution, where the pions are generated directly
in the hard-scattering subprocess, rather than by gluon and quark fragmentation. Inclusive
pion pair production provides an essential test case where HT contributions dominate those
of LT in the certain kinematic regions. The HT contributions can be utilized to interpret
theoretically the future experimental data for the charged pion pair production in pp¯ colli-
sions. The results of this work can be useful to provide a simple test of the short distance
structure of QCD as well as to determine more precise DAs of the pion.
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